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The method of integral relations is used t0 solve an unsteady system of 
equations of thermal  explosion. With the help of this method several 
problems of ignition theory are solved. 

As is known [1], the f i r s t  ave raged  equations of 
t he rma l  explosion were  obtained, on the bas is  of p h y s -  
teal cons idera t ions ,  by Todes.  They were  used la te r  
in [2, 3]. Averaging  of the s ta r t ing  equations of the un-  
s teady theory  of t h e r m a I  explosion was developed as a 
ma themat ica l  technique in [4], where  two methods of 
ave rag ing  were  given. In using the f i r s t  of these it is 
n e c e s s a r y ,  as a p r e l im ina ry ,  to solve the nonl inear  
boundary  p rob lem to de te rmine  6,  and to make two 
a s sumpt ions ,  while in using Khudyaev ' s  method it is 
n e c e s s a r y  to solve the appropr ia te  l inear  boundary  
value p rob lem and to  make one assumpt ion .  This  paper  
uses  the equations of the f i r s t  approx imat ion  of the 
method of in tegral  re la t ions  [5, 6], whose solutions in 
our ease  r equ i re  only one assumpt ion.  

The unsteady s y s t e m  of equations of t he rm a l  ex -  
p los ion has the fform 

0 0  r exp 0 + 
0--7 = 1 + ~-o- ~ ~ ,  v ~ ~  (1) 

0 ~q _ ~'r (~) exp 0 (2) 
0 r  1 §  

The s y s t e m  (1), (2) is solved under the following int-  
t im and boundary  condit ions:  

O(x, y, z, 0 ) = 0 ,  ~q(x, y, z, 0 ) = 0 ,  0 I t = 0 .  (3) 

We shal l  a s s ign  the prof i le  f(x,  y, z, | which sa t i s f ies  
the boundary  condit ions (3), and, as far  as  poss ib le ,  
c o r r e c t l y  r e f l ec t s  the var ia t ion  of |  z, T) in space.  
The chosen  prof i le  mus t  include the totality of p r i o r  
in format ion  about the behavior  of @(x, y, z, 7), which 
we may  obtain f r o m  phys ica l  reasoning,  fo r  example,  
without r e c o u r s e  to the n u m e r i c a l  solut ion of (1) and 
(2) with condit ions (3). The quanti ty | = | inf (x ,  
y, z, | has e v e r y w h e r e  below the meaning  of m a x i m u m  
t e m p e r a t u r e .  Subs t i tu t tngf (x ,y ,z ,@0)  into (1 )and  (2) 
in p lace  of @(x,y, z, T), and in tegra t ing the r e su l t  over  
the reg ion  G, we obtain a s y s t e m  of two nonl inear  d i f -  
fe ren t ia l  equat ions of f i r s t  o r d e r  to de te rmine  | 
and ~(T), in der iv ing  which our  sole a s sumpt ion  has 

been 

S ~(~)exp 0 1  i _7 ~O.. dV = qD(~) exP-1+,30  O dV.  (4) 

0 6 

Since as x, y, z, ~- va r i e s ,  r / v a r i e s  in the n a r r o w  range 
0 --- ~ -< 1, and cons ide rab ly  m o r e  s lowly than exp [O/  
/(1 +/3| it m a y  be cons ide red ,  acco rd ing  to [7], that  

the a s sumpt ion  (4) does not give a l a rge  e r r o r .  The 
a c c u r a c y  of the method may be inc reased  if, following 
[5,6], we introduce in place of the single f ree  p a r a m -  
e te r  t p a r a m e t e r s  depending on ~- and integrate  the 
r e su l t  with r e spec t  to t over  the subregions  of reg ion  
G. We then obtain 2i o rd ina ry  nonl inear  different ial  
equations of f i r s t  o rde r  for  the 2t f r ee  p a r a m e t e r s  
and ~i = ~i (r), where  KI is the mean  value of • over  
the i - th  subregion.  With inc rease  of the number  of 
subregions ,  the e r r o r  of a s sumpt ion  (4) d e c r e a s e s ,  
and we may expect  that  the final r esu l t s  will be more  
accura te ,  although the labor  of the method i nc r ea se s  
considerably .  In examining examples  we shall  set  
fl = 0 to faci l i ta te  integrat ion,  i . e . ,  we shall  use the 
F rank -Kamene t sk t t  expansion [8] fo r  exp ( - E / R T ) .  
However ,  if we take d imens ion less  t e m p e r a t u r e  in the 
f o r m  | = R T / E ,  this expansion is not requi red .  

We shall  examine the rma l  explosion in an infinite 
cyl inder .  In this case ,  owing to s y m m e t r y ,  the bound-  
a ry  and initial conditions have the f o r m  

0@ -~=0=0 ,  o(1, ~)=0, o(f, o ) = o  (5) 

The funct ionS(x,  y, z, | in this case  may  convenient ly 
be taken to be 

f = @o--2!n(t § a~2). (6) 

Substituting (6) into (1) and (2), mult iplying both s ides  
of (2) by 4, and in tegra t ing the resu l t  with r e s p e c t  to 

f r o m  0 to 1, we have the s y s t e m  of equations 

da a ~ [ ~  (~J (1 4- a) ~ - -  8a] 

d r  = 2 6 [ ( 1 + a ) l n ( l  -}- a) - -  a] - '  

d,Td _V~(~)~I  + a )  (7) 
dr  2 

with initial conditions 

a (0) = O, ~ (0) = O. (8) 

It m a y  be a s s u m e d ,  a p r i o r i ,  that  the s y s t e m  (7) is 
m o r e  accu ra t e  than the s y s t e m  (5.1) of [4] fo r  t h e r m a l  
explos ion in a c y l i n d e r ,  s ince the spat ial  f ea tu res  of 
this p r o b l e m  a r e  taken into account  not only by the 
s t ruc tu r e  of Eqs.  (1) and (2), but a lso by the choice  of 
prof i le  (6). For  the z e r o - o r d e r  r eac t ion  3' = 0, and 
the re  r e m a i n s  only the f i r s t  of Eqs.  (7) with ~0~) = 1, 
which may  eas i ly  be in tegrated,  yielding,  as  a ~ ~ ,  

i ( 1 4 - a ) l n ( 1 4 - a ) - - a  �9 o = 2 8  a % ~  ,~a?=Saaf  da. (9) 

o 
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If the induct ion per iod  -r 0 is f ini te ,  explosion of the 
r eac t ing  s y s t e m  occurs .  Therefore ,  in this  s u b s t i -  
tu t ion the p rob lem of t h e r m a l  explosion in a cy l inder  
r educes  to the p rob l em of the s tabi l i ty ,  in Lag range ' s  
s ense  [9], of the solut ion of the f i r s t  equat ion of (7) 
with gp (~) - 1. The quanti ty To tends to oo, or  does not 
ex is t  at a l l ,  if the denomina to r  of the in tegrand  in (9) 
van i shes ,  i . e . ,  if 6 = 83/(1 + a) z. The l im i t i ng  value 
6 = 5 .  at which the denomina tor  again vanishes  is 
r eached  for a.  = 1, and is equal to 2. Therefore ,  with 
5 > 2 we have v 0 < ~o and explosion occurs ,  while for 
6 -< 2 there  is no explosion.  The value 5 .  = 2 ag rees  
with the co r re spond ing  exact  value obtained in [8] with 
the aid of the s teady theory  of t h e r m a l  explosion.  
T r a n s f o r m i n g  (9), we have for the induct ion per iod  the 
fo rmula  

1 

To=26 f { [ ( l+x )  l n ( l + x ) ~ x +  
0 

+xS{(1 + x)ln(1 + x - l )  - 1}l • 

x [x~{ a(1 + x)~ - 8x}l -~ }dx. (10) 

The values  of To, T01, T02 for va r ious  values  of 6 
a r e  shown below: 

2 .2  2 .4  2 ,6  2 .8  3 3 . 5 ,  
z 0 3 ,288 2 .282 1.865 1,631 1.483 1.302,  
�9 ol 3 ,774 2.701 2,221 1,945 1.789 1.512.  
�9 02 4 ,419 3 ,159 2 .572 2 .272 2 .062 1.758. 

It follows f r o m  this  that  we expect a lso that  the value 
of T 0 is more  accu ra t e  than the value of 7o2 sa t i s fy ing  
the ave raged  s y s t e m  (5.1) of [4], while the accu racy  of 
T o (which is p a r t i c u l a r l y  impor tan t )  is the g r ea t e r ,  the 
c lose r  6 is to 2. 

In the case  of a plate it is convenient  to take 

[ = 0o -- 21n chsx ( i i )  

as f(x,y,  z, | Using (11), we may obtain by analogous 
considerations the value 5, = 0.88, which agrees with 
the exact value found in [8]. The chief difficulty in using 
the method of in tegra l  r e l a t i ons  l i e s  in i n t eg ra t ion  of 
Eqs.  (1) and (2), fol lowing the subs t i tu t ion  in them of 
f (x,  y, z, 00). However ,  if we use the Grey  and Harpe r  
[3] approx imat ion ,  

e x p O ~  1 + 0.720 + 02, (12) 

this  diff icul ty drops out. Fo r  example ,  it is easy ,  
us ing  (12), to solve the p r o b l e m  of t h e r m a l  explos ion 

in a pa ra l l e lep iped .  As f(x,  y, z, O0) we take 

f = O0 (1 - -  x 2) ( 1 - -  y,p-2) (1 - -  z2q-~). (13) 

The c h a r a c t e r i s t i c  d i m e n s i o n  he re  is equal  to half  
the length of the sma l l~s t  s i d e . . B e c a u s e  of the s y m -  
m e t r y  of the p r o b l e m  in ques t ion  we in tegra te  not over  
the whole r eg ion  G, but  over  the pa r t  0 -< x _< 1, 0 _< 
_< y _ p, 0 _< z _ q. Subst i tu t ing (13) into (1) and (2), 
us ing  (12), and in t eg ra t i ng  the r e s u l t  over  the above 
pa r t  of r eg ion  G, we obta in  

d 0___0 = qD (~l) (3.375 + 0.720o + 0.512002) - -  300 d , 
d~ 

d_~ = V~(~)(I + 0.213300 + 0.273100 z) 
dT 

with the condit ions 

Oo(0)=0, ~ ( 0 ) = 0 .  (15) 

For  the z e r o - o r d e r  r eac t ion  there  r e m a i n s  the f i r s t  
of Eqs.  (14), which is eas i ly  in tegra ted ,  and for the 
induct ion per iod  we obtain the exp re s s ion  

tg 0.726 - -  3d (16) 
~~ = 2 K h -  

(14) 

F r o m  the condi t ion A = 0 we eas i ly  f ind the l imi t ing  
value,  

~t, ~ 0,896 (1 + p-2 + q-2). (17) 

E x p r e s s i o n  (17) may also be obtained in the same way 
in which 6 .  = 2 was found for the infini te  cy l inder .  
For  6 < 5 .  the in tegra l  de t e rmin ing  T O does not exis t  
as an imprope r  in tegra l ,  but we may find its Cauehy 
p r inc ipa l  value [9], 

5 3d - -  l /  - A - -  0.725 
x0 = ~ In �9 (18) 

V --A 3 d + V - - A  --0.725 

F r o m  (18) we obtain r 0 < 0, which is phys ica l ly  
unrea l .  Thus,  for  5 > 5, ,  0 < T o < o0 and explosion 
occurs ,  while for  6 - 6 ,  it does not. F r o m  (17), with 
p = q = l w e f i n d 6 ,  = 2 . 6 9 ; w i t h p =  1, q ~ w e h a v e  
for a cy l inder  with a square  base  6 ,  = 1.79; for a plate 
with p ~ ~ ,  q ~ ~o we have 6 ,  = 0.896. The exact  value 
of 5 ,  for a cube is 2.53 [11]. When 5 is l i t t le  different  
f rom 6 , ,  f o rmula  (16) for T o gives f a i r  r e s u l t s ,  but 
with 5 >> 5 ,  it gives g rea t ly  o v e r e s t i m a t e d  values  of 
TO, in view of the fact that  in its de r iva t ion  we reduced 
cons ide rab ly  the source  funct ion exp O. For  example ,  
for  a plate with 5 = 0.968 T O = 4.83, and with 5 = 1.32 
To = 3.85, while the accu ra t e  r e s u l t s ,  found with the 
aid of [4], a re  equal to 4.14 and 2.06, r espec t ive ly .  

We shal l  examine  the p r ob l e m of t h e r m a l  explosion 
in an inf ini te  cy l inder  with an a r b i t r a r y  t ime  of de -  
pendence of the cy l inder  wall  t e m p e r a t u r e .  A s i m i l a r  
p r o b l e m  with l i n e a r  growth with t ime  of the ex te rna l  
t e m p e r a t u r e  was examined  on the bas i s  of the q u a s i -  
s teady theory  of t h e r m a l  explos ion in [12]. This  is a 
p r o b l e m  of specia l  i n t e r e s t  in connect ion  with s torage  
of explos ives .  We shal l  a s s u m e  that a z e r o - o r d e r  
r eac t ion  occurs .  In this case  we have only the s ingle  
equat ion (1) with ~(~) - 1, along with the condi t ions  

0~  - -0 ,  O(1, T ) = a ~ ( k : ) ,  O(~, 0 ) = 0 .  (19) 

With the aid of the subs t i tu t ion  w = | - ar  we 
obta in  the equat ion 

aT 6~ O~ ~ + e x p [ w +  

+ ~ ( k T ) l  -- ~kr  (k~) (20) 

with homogeneous  boundary  and in i t ia l  condi t ions ,  s i m -  

i l a r  to condi t ions  (5). Subst i tu t ing  the prof i le  (6) into 
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(20) in place of w and in tegra t ing the resu l t  with r e -  
spect  to 5 f r o m  0 to 1, we have the o rd ina ry  d i f fe r -  
ential  equation 

da 
- -  a ~ {8 (t + a) 2 exp [a~; (k ~)] - -  

d~ 

- -8~k~'(kx)(1 + a ) - - 8 a }  

X {26[(1 + a) ln (I + a ) - - a l l  -~ (21) 

with the f i r s t  of conditions (8). We shall  examine the 
case  when r >0  with 0 -<- ~-< oo,i. e . ,  when r 

:r with r ~ .  We note that  the curve  defined by 
the equation 

da_ _afr O 4-a){6exp[a~(k-c)]--Sak~'(k 'Q--2}  (22) 

a 

= 2 5 j '  

0 

d~ 25[(1 +a ) In (1  + a ) - -  a] 

along with the f i r s t  of conditions (8), l ies below the 
curve  aU)  with 0 _< T ---< oo, accord ing  to [13], s ince 
the r ight  side of (2i) is g r e a t e r  than the r ight  side of 
(22) for  any value of ~. Equat ion (22) is eas i ly  in -  
t eg ra ted :  

5 ~ exp [a~ (k~)] 
t )  
0 

ln(1 + a )  ~ ada + 2~ + 5:~(k ~). (23) 
a ~ (I + a) ~ 

It is ea sy  to see that when a ~ ~ ,  Eq. (23) has the 
solut ion T0 < ~ ,  s ince when 9- = 0 the r ight  side of (23) 
is g r e a t e r  than the left, but as r i nc r ea se s ,  the left 
side of (23) i nc r ea se s  f a s t e r  than the r igh t  side,  and 
it is evident  that  the two curves  in t e r sec t  for  F0 < co. 
Since a(T) --* :r when 7 ~ T0 < ~ ,  it is easy  to see that  
a(7) ~ oo when 9" --* 9"0 < 9"o, and the re fo re  explosion 
occu r s  for  any values  6 > 0. Now let  the ex terna l  
t e m p e r a t u r e  inc rease ,  as oz~{k~), until t ime ~'l < z0, 
and r e m a i n  constant  at c~r f r o m  t ime 71 on. On 
the bas i s  of the fo rego ing  ana lys i s  it m a y  be a s s e r t e d  
that  when 0 < ~- < 71 explosion does not occur ,  and it 
makes  sense  to s tudy (21), beginning f r o m  t ime T1, to 
which the value a 1 c o r r e s p o n d s .  In this case  (21) is 
in tegra ted:  

a 

( !_+~ a} In (__i + a)_---- a_ } d a. (24) 
x = x l + 2 5  a 2 { 5 ( l + a ) ~ e x p [ a ~ ( k x i ) ] _ 8  a 

ul 

If a 1 _< 1, then the l imi t ing  value 6 = 6 ,  fo r  which the 
denomina tor  of the in tegrand in (24) vanishes ,  is 
r e ached  with a ,  = 1 and 5* = 2exp [-c~r Thus 
an explos ion l imi t  ex i s t s  in this case ,  and explos ion 
occu r s  with 5 > 2exp[--O~b(kT1)]. 

We shal l  examine  the p r o b l e m  of auto- igni t ion  of 
a v i scous ,  i ncompres s ib l e  r eac t i ng  fluid moving in an 
infinite cy l indr ica l  tube. A s i m i l a r  p rob lem,  with no 
a l lowance fo r  hea t  t r a n s f e r  and f r i c t ion  heat ,  was 
solved p rev ious ly  in [14]. We shal l  a s s u m e  that  the 
f luid flow follows the Poiseui l le  law, and that  all the 
t h e r m o p h y s i c a l  p r o p e r t i e s  a r e  constant .  Ma themat i -  

cally,  the p rob lem reduces  to solution of the s y s t e m  
of the following differential  equations,  

1 oo) i op 
\ O r  2 4 -  ~ . , (25) r-O-/-r p az~ 

q Qko(l--~l). exp /  E ) (26) 
c p p '~ RT ' 

+ ( l - - ~ l ) ' k o e x p (  - RTE )) (27) 

with the boundary  conditions 

v(ro, z , ) = 0 ,  Ov = 0  T(r, O)=To, T(r, c~)=T0, 
Or r=O ' 

OT r=o T (Y0, Z1) = To ,  ~ ----- 0 ,  ~ (y,  0 )  ~ -  0 ,  

0-~ = 0 .  
~(r,  oo)= I, ~ r  ~=o. ~o (28) 

The s y s t e m  of Eqs.  (25)-(27) with boundary  con-  
dit ions (28) desc r ibes  the r e g i m e s  of auto- igni t ion 
and combust ion  in the tube. If a t tent ion is r e s t r i c t e d  
to the auto- igni t ion  r eg ime ,  which may some t imes  be 
rea l ized ,  acco rd ing  to [15], in rocke t  mo to r s ,  the 
or ig inal  s y s t e m  may  be apprec iab ly  s implif ied.  In 
this case ,  as  is usual ,  we may  neglect  burnup of the 
reac t ing  subs tance  r ight  up to the t ime of ignition. 
Then (27) may be omit ted,  and the s y s t e m  reduces  to 
(25) and (26). In addition, we neglect  conductive hea t  
t r a n s f e r  along the tube in c o m p a r i s o n  with convect ive,  
which is quite jus t i f ied  [14]. Equat ion (25) is eas i ly  
integrated,  and gives  the wel l -known Poiseui l le  prof i le  
[16] for  v, subst i tut ion of which into (26), and r e d u c -  
t ion of the r e su l t  to d imens ion less  f o r m  using the 
F r a n k - K a m e n e t s k i i  t r a n s f o r m a t i o n  [18] for  e x p ( - E / R T )  
gives the equation 

O0 
- - m ~ U g ( 1  - -~D-~z  + g ~ e x p e = O  (29) 

with the boundary  condit ions 

O 0  o(~, 0), o(1, z), -~ ! ,=0=  0. (30) 

By subst i tut ing prof i le  (6) in (29) in place of | a l low-  
ing for  the fact  that  then a = a(z), we have 

d_aa = a3126(1__ + a ) ~ + g ( 1  + a ) - - 1 6 a l  (31) 
dz 2m V 6 [2 (1 + a)' In ( 1 + a) - a (2 + 3a)] 

with an initial condit ion s im i l a r  to (8). Equat ion (31) 
is eas i ly  in tegra ted ,  and for  the d imens ion less  d i s -  
tance  f r o m  the edge of the tube z = z~ at which igni -  
t ion of the r eac t ing  mix tu re  o c c u r s ,  we obtain 
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- - f  2 ( l + a ) 2 1 n ( l + a ) - - a ( 2 d - 3 a ) d  a 1/6  . . . . . . . .  (32) Z o = 2 m  a'~12o(1 + a )  ~ + g ( 1  - a ) - - 1 6 a ]  

It  i s  e a s y  to s e e  t h a t  t h e  l i m i t i n g  v a l u e  5 = d .  i s  
r e a c h e d  w i t h  a ,  = (16 + g ) / ( 1 6  - g) and ,  e q u a l l y ,  6 .  = 
= (16 - g )2 /128 .  T h e r e f o r e ,  the  h i g h e r  t he  i n t e n s i t y  
of d i m e n s i o n l e s s  f r i c t i o n  h e a t  g,  t he  l o w e r  t he  i g n i -  
t i o n  l i m i t  6 , .  W h e n  g = 0 the  l i m i t i n g  v a l u e  c o i n c i d e s ,  
a s  m i g h t  be  e x p e c t e d ,  w i th  t he  c o r r e s p o n d i n g  v a l u e  

6 ,  = 2 f o r  t h e r m a l  e x p l o s i o n  in  the  c y l i n d e r .  W h e n  
6 > 6 ,  z 0 < co a u t o - i g n i t i o n  of the  r e a c t i n g  m i x t u r e  a l s o  

o c c u r s ,  w h i l e  w h e n  6 --< 5 ,  i t  d o e s  no t .  I t  m a y  b e  s e e n  
f r o m  (32) t h a t  w i t h  i n c r e a s e  of cz, a n d  t h e r e f o r e  of m ,  
t he  q u a n t i t y  z 0 i n c r e a s e s ,  s i n c e  t h e  i n f l u e n c e  of f r i c -  
t i o n  h e a t  is  r e l a t i v e l y  s m a l l .  

T h e  e x a m p l e s  p r e s e n t e d ,  w h i l e  t h e y  do no t  e x h a u s t  

t he  w h o l e  s c o p e  of p r o b l e m s  w h i c h  m a y  b e  s o l v e d  w i th  

t h e  a id  of t he  m e t h o d  of i n t e g r a l  r e l a t i o n s ,  do i n d i c a t e  
t he  e f f e c t i v e n e s s  of t h i s  m e t h o d  f o r  q u a l i t a t i v e  a n d  

q u a n t i t a t i v e  i n v e s t i g a t i o n  of i g n i t i o n  t h e o r y  p r o b l e m s .  

NOTATION 

= 'RT~ --dimensionless temperature; ~ = R T ~  exp - -  
c V p 

-dimensiOnless time; x = x, y, z, g ~ z : =  - -  - -  

r o  r 0 r 0 

cv P RT2o 
dimensionless coordinates; 7 = a dimensionless parameter; 

E 

~ 7-.RT~ exp -- -Frank-Kamenetskii criterion [8] ; 

~-i = E/RT0_relative activation energy; ~0 = 1, (I - ~), (1 -- ~)z - 
for the reaction of zeroth, first, and second order, respectively; F -  
boundary of region G in which the system (1), (2) is defined: ~ -  
mean value of ~? over region G; g = r/r0-dimensionless variable ra- 
dius; T-absolute temperature in reaction vessel; T0--temperature of 
vessel walts; R--universal gas constant; E-activation energy; Cv- 
specific heat at constant volume; Q-thermal  effect of reaction; p -  
density; t - t ime;  k0 - preexponent; r 0 -  characteristic dimension; x~, 
Yl, zl, r-dimensionless coordinates; k- thermal  conductivity; a = 
= exp (00/2) - 1; s = Arch exp (| p = 12/re, q = 1 3 / r o - h a g  
lengths of the second and third edges of parallelepiped, expressed as 
a fraction of the characteristic dimension; d = 1 + p-2 + q-~-/x = 
= 6.393652 + 4.328 d - 9 J :  rl0 - induction period as found from form- 
ula (4.1) of [4], with B = 0, 7 = 0, B -* ,o and n = 1; r02 - induction 
period, as found from (4.1) of [4], with 8 = 0, 7 = 0 and ]2 -= 1: c~ = cq 
E/RT~-dimensionless parameter; a , - -a  parameter with dimension ~ 

k = RTlpklCv/qEk0exp(- E/RT0)- dimensionless parameter: k 1-  param - 
eter with dimension see-l; v-kinematic viscosity; ~- thermal  dif- 
fusivity ; v--longitudinal component of flow velocity; P -  pressure ; 
Cp--Specific heat at constant pressure; n--order of the reaction; g : 

= 16#v2-E/pCpRT~--dimensionless parameter describing the intensity 
V 2T ?. 

of friction heat; V ~ ) / ~ - m e a n  flow velocity; m [ = - -  - -  x 

-" I_ OEko 
t E I/2 

• [ - - I I  -dimensionless parameter; Q-mass flow of the fluid 
\ moJJ 

per second: u-viscosity; D-diffusion coefficient. 
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